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 

Abstract— In this article we prove the existence of 

classical solutions for a class nonlinear parabolic 

equations. We propose new integral representation of 

the classical solutions. As an application we give 

continuous dependence and differentiability of the 

solutions with respect to the initial data and parameters. 

 

Index Terms— parabolic equation, existence, dependence on 

initial data, 

 

I. INTRODUCTION 

In this article we investigate the Cauchy problem 

ut   uxx = f(t; x; u; ux) in (0; ∞) * R, (1.1) 

u(0; x) =  Ф(x)  in R; (1.2) 

    

Where Ф € C2(R), f : [0; ∞) *R* R* R           R is a given 

continuous function, u : [0; ∞)*R        R is unknown. 

Our main result is as follows. 

Theorem 1.1. Let f  € C[0; ∞) *R* R* R), Ф €  C2(R). Then 

the problem (1.1), (1.2) has a solution u  € C1[0; ∞); C2(R)). 

 

To prove our main result we propose a new approach 

different than the well-known approaches. Also, we propose 

new integral representation of the solutions of the initial 

value problem (1.1), (1.2). 

As an application of our new integral representation we 

deduct some results connected with the continuous 

dependence on the initial data and parameters of the problem 

(1.1), (1.2). 

Theorem 1.2. Let f € C[0; ∞) *R* R* R), 
𝛿𝑓

𝛿𝑢
,

𝛿𝑓

𝛿𝑢𝑥
  exist and 

are continuous in [0; ∞)*R* R* R, Ф € C2(R). Let also 

u(t,x,0, Ф) € C1[0; ∞); C2(R)) be a solution to the problem 

(1.1), (1.2). Then u(t,x,0, Ф) is differentiable with respect to  

Ф and u(t,x) = 
𝛿𝑢

𝛿ø
(𝑡, 𝑥, 0, Ф) satisfies the following initial 

value problem 

ut–uxx =
𝛿𝑓

𝛿𝑢
 𝑡, 𝑥, 𝑢 𝑡, 𝑥, 0, Ф , 𝑢𝑥 𝑡, 𝑥, 0, Ф  𝑢 +

 
𝛿𝑓

𝛿𝑢𝑥
  𝑡, 𝑥, 𝑢 𝑡, 𝑥, 0, Ф , 𝑢𝑥 𝑡, 𝑥, 0, Ф  𝑢𝑥 in[0; ∞) *R ,     (1.3) 

u(0,x) = 1 in     R                                                               (1.4) 

II. AUXILIARY RESULTS  

We will start with the following important lemma. 
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Lemma 2.1.  Let f  € C([a, b] *[c, d]* R* R),  g € C2([c; d]). 

Then the function  u € C1([a, b]; C2([c,d])) is a solution to the 

problem 

ut–uxx =  f( t, x, u, ux)       in             (a,b]*[c,d],                   (2.1) 

              u(a,x) =g(x)      in             [c,d]                           (2.2) 

 

if and only if it is a solution to the integral equation 

   𝑢 𝑡, 𝑧 − 𝑔 𝑧  𝑑𝑧𝑑𝑦 −  (𝑢 𝜏, 𝑥 −  𝑢 𝜏, 𝑐 − (𝑥 −
𝑡

𝑎

𝑦

𝑐

𝑥

𝑐

𝑐)𝑢𝑥(𝜏,𝑐))𝑑𝜏   

=    𝑓 𝜏, 𝑧, 𝑢 𝜏, 𝑧 , 𝑢𝑥 𝜏, 𝑧  𝑑𝑧𝑑𝑦𝑑𝜏,
𝑦

𝑐

𝑥

𝑐

𝑡

𝑎
    x€ [c,d],t €[a,b] 

                    (2.3) 

A.  Proof. 1. 

Let u € C1 ([a,b],C2([c,d])) is a solution to the problem 

(2.1),(2.2). 

We integrate the equation (2.1) with respect to x and we get  

  𝑢𝑡 𝑡, 𝑧 𝑑𝑧 −  𝑢𝑥𝑥
𝑥

𝑐
 𝑡, 𝑧 𝑑𝑧

𝑥

𝑐
  

=  𝑓 𝑡, 𝑧, 𝑢 𝑡, 𝑧 , 𝑢𝑥 𝑡, 𝑧  𝑑𝑧,
𝑥

𝑐
                       x € [c,d],t €[a,b] 

 

 𝑢𝑡 𝑡, 𝑧 𝑑𝑧 − 𝑢𝑥 𝑡, 𝑧 +  𝑢𝑥 𝑡, 𝑐 
𝑥

𝑐
  

 =    𝑓 𝑡, 𝑧, 𝑢 𝑡, 𝑧 , 𝑢𝑥 𝑡, 𝑧  𝑑𝑧,
𝑥

𝑐
                  x € [c,d],t €[a,b] 

Now we integrate the last equation with respect to x and we 

find  

  𝑢𝑡 𝑡, 𝑧 𝑑𝑧𝑑𝑦 −  𝑢𝑥 𝑡, 𝑧 − 𝑢𝑥 𝑡, 𝑐 )𝑑𝑧
𝑥

𝑐

𝑦

𝑐

𝑥

𝑐
  

  =    𝑓 𝑡, 𝑧, 𝑢 𝑡, 𝑧 , 𝑢𝑥 𝑡, 𝑧  𝑑𝑧𝑑𝑦,
𝑦

𝑐

𝑥

𝑐
          x € [c,d],t €[a,b] 

 or   

  𝑢𝑡 𝑡, 𝑧 𝑑𝑧𝑑𝑦 − 𝑢 𝑡, 𝑥 + 𝑢 𝑡, 𝑐 +  𝑥 − 𝑐 𝑢𝑥(𝑡, 𝑐)
𝑦

𝑐

𝑥

𝑐
  

  =     𝑓 𝑡, 𝑧, 𝑢 𝑡, 𝑧 , 𝑢𝑥 𝑡, 𝑧  𝑑𝑧𝑑𝑦,
𝑦

𝑐

𝑥

𝑐
          x € [c,d],t €[a,b] 

Now we integrate the last equality with respect to t and we 

obtain 

   𝑢𝑡 𝑠, 𝑧 𝑑𝑧𝑑𝑦𝑑𝑠 −   𝑢 𝑠, 𝑥 − 𝑢 𝑠, 𝑐 −
𝑡

𝑎

𝑦

𝑐

𝑥

𝑐

𝑡

𝑎

𝑥−𝑐𝑢𝑥𝑠,𝑐𝑑𝑠  

=     𝑓 𝑠, 𝑧, 𝑢 𝑠, 𝑧 , 𝑢𝑥 𝑠, 𝑧  𝑑𝑧𝑑𝑦𝑑𝑠,
𝑦

𝑐

𝑥

𝑐

𝑡

𝑎
                                                     

                x € [c,d],t €[a,b] 

or  

  𝑢 𝑡, 𝑧 − 𝑔(𝑧))𝑑𝑧𝑑𝑦 −  𝑢 𝑠, 𝑥 − 𝑢 𝑠, 𝑐 −
𝑡

𝑎

𝑦

𝑐

𝑥

𝑐

𝑥−𝑐𝑢𝑥(𝑠,𝑐))𝑑𝑠  

=     𝑓 𝑠, 𝑧, 𝑢 𝑠, 𝑧 , 𝑢𝑥 𝑠, 𝑧  𝑑𝑧𝑑𝑦𝑑𝑠,
𝑦

𝑐

𝑥

𝑐

𝑡

𝑎
   

                 x € [c,d],t €[a,b] 

i.e. , u satisfies the equation(2.3). 
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Let u €C1([a, b], C2([c, d])) be a solution to the integral 

equation (2.3). We differentiate the equation (2.3) with 

respect to x and we get 

 

  𝑢 𝑡, 𝑧 − 𝑔(𝑧))𝑑𝑧 −  (𝑢𝑥 𝑠, 𝑥 − 𝑢𝑥 𝑠, 𝑐 )𝑑𝑠
𝑡

𝑎

𝑦

𝑐

𝑥

𝑐
  

=     𝑓 𝑠, 𝑧, 𝑢 𝑠, 𝑧 , 𝑢𝑥 𝑠, 𝑧  𝑑𝑧𝑑𝑦𝑑𝑠,
𝑦

𝑐

𝑥

𝑐

𝑡

𝑎
   

                 x € [c,d],t €[a,b] 

Again we differentiate with respect to x and we find  

 u(t,x)-g(x) -  𝑢𝑥𝑥
𝑡

𝑎
 𝑠, 𝑥 𝑑𝑠   

   =  𝑓 𝑠, 𝑥, 𝑢 𝑠, 𝑥 , 𝑢𝑥 𝑠, 𝑥  𝑑𝑠,
𝑡

𝑎
          x € [c,d],t €[a,b] 

Now we put t=a in the last equation and we find 

U(a,x) = g(x),         x€[c,d], 

i.e., the function u satisfies (2.2). 

Now we differentiate the equation (2.4) with respect to t and 

we find 

𝑢𝑡 𝑡, 𝑥 − 𝑢𝑥𝑥  𝑡, 𝑥 =  𝑓 𝑡, 𝑥, 𝑢 𝑡, 𝑥 , 𝑢𝑥 𝑡, 𝑥  ,  
                     x € [c,d],t €[a,b] 

The proof of the existence result is based on the following 

theorem. 

Theorem 2.2. [1] Let X be a nonempty closed convex subset 

of a Banach space Y. Suppose that T and S map X into Y such 

that 

1. S is continuous and S(x) resides in a compact subset of Y .  

 

2. T : X       Y is expansive and onto.  

 

Then there exists a point x* € X such that 

 

Sx* + T x* = x*  

Definition 2.3. Let (X; d) be a metric space and M be a subset 

of X. The mapping T : M       X is said to be expansive if there 

exists a constant h > 1 such that 

                   d(Tx ,Ty) ≥hd(x; y) 

 

for any x, y €M. 

III. PROOF OF THE EXISTENCE RESULT  

Step 1. Firstly, we will prove that the problem 
 

ut - uxx = f(t,x, u, ux) in (0, 1] [0, 1], (3.1) 

u(0, x) = Ф(x) in 

                              

[0, 1]  (3.2) 

 

 

has a solution u € C1([0; 1]; C2([0; 1])). 

 

Let E11 = C1([0,1], C2([0,1])) be endowed with the norm 

 

||u||  = max{max𝑡,𝑥€ 0,1  𝑢 𝑡, 𝑥  ,      max𝑡,𝑥€ 0,1  𝑢𝑡 𝑡, 𝑥    

  
            
     max
𝑡 ,𝑥€ 0,1 

 𝑢𝑥 𝑡, 𝑥  ,      max𝑡,𝑥€ 0,1  𝑢𝑥𝑥  𝑡, 𝑥  }  

       With K11 we donate the set of all equicontinuous families 

in  E11, i.e., for every ε>0 there exist δ(ε) > 0 such that  

|u (t1,x1) – u (t2,x2)| < ε,            |ut(t1,x1) – ut (t2,x2)| < ε, 

 

|ux(t1,x1) – ux (t2,x2)| < ε,          |uxx(t1,x1) – uxx (t2,x2)| < ε 

 

Whenever | t1-t2| < δ,  | x1-x2| < δ. 

Let B > 0 be arbitrarily chosen, K’
11 = 𝐾11

     , 
 

𝐾11 = {𝑢€, K’
11 : ||u|| ≤B}. 

Since Ф € C([0,1]), f € C([0, 1]* [0, 1]* [- B, B] *[- B,B]) we 

have that there exists a constant M11 > 0 such that 

  |Ф(x)| ≤ M11          in       [0,1], 

|f(t,x,y,z)| ≤  M11           in       [0, 1]* [0, 1]* [- B, B] *[- B,B] 

 

Let l>0 be chosen so that  

      L(5B + 2 M11)≤B                                   (3.3) 

Let also, 

     L11 = {u €   K
’
11 : ||u|| ≤ (1+l) B}. 

We note that 𝐾11  is a closed convex subset of L11 

For u € L11 we define the operators 

  T11 (u) (t,x) = (1+l) u(t,x), 

S11 (u) (t,x) = -lu(t,x) + l    𝑢 𝑡, 𝑧 − Ф 𝑧  𝑑𝑧𝑑𝑦 −
𝑦

0

𝑥

0

𝑙0𝑡𝑢𝜏,𝑥−𝑢𝜏,𝑜−𝑥𝑢𝑥𝜏,0𝑑𝜏−𝑙0𝑡0𝑥0𝑦𝑓(𝜏,𝑧,𝑢𝜏,𝑧,𝑢𝑥(𝜏,𝑧))𝑑𝑧𝑑𝑦
𝑑𝜏.    

 
 
a) S11 : K11         K11. Let u €  K11. Then S11(u) € C1 ([0,1], 

C2([0, 1])) and for (t, x) 2 [0, 1] [0, 1], using the choice (3.6) 

of the constant l, we have 

|S11 (u) (t,x)|  =  −𝑙𝑢 𝑡, 𝑥 +  𝑙    𝑢 𝑡, 𝑧 −
𝑦

0

𝑥

0

 Ф𝑧𝑑𝑧𝑑𝑦 𝑙0𝑡𝑢𝜏,𝑥−𝑢𝜏,0−𝑥𝑢𝑥𝜏,0𝑑𝜏−𝑙 
0𝑡0𝑥0𝑦𝑓𝜏,𝑧,𝑢𝜏,𝑧𝑢𝑥𝜏,𝑧𝑑𝑧𝑑𝑦𝑑𝜏|,  

≤ 𝑙 𝑢 𝜏, 𝑥  + 𝑙   ( 𝑢 𝑡, 𝑧  +  Ф 𝑧  )𝑑𝑧𝑑𝑦 +
𝑦

0

𝑥

0

𝑙0𝑡(𝑢𝜏,𝑥+𝑢𝜏,0+𝑥|𝑢𝑥𝜏,0|)𝑑𝜏+𝑙0𝑡0𝑥0𝑦|𝑓(𝜏,𝑧,𝑢𝜏,𝑧,𝑢𝑥𝜏,𝑧)|𝑑
𝑧𝑑𝑦𝑑𝜏 ≤𝑙𝐵+𝑙𝐵+𝑀11+3𝑙𝐵+𝑙 𝑀11=5𝐵+2𝑀11𝑙≤𝐵,     

𝑆11 𝑢 𝑡 𝑡, 𝑥 = −𝑙𝑢𝑡 𝑡, 𝑥 + 𝑙   𝑢𝑡 𝑡, 𝑧 𝑑𝑧𝑑𝑦 −
𝑦

0

𝑥

0

𝑙𝑢𝑡,𝑥−𝑢𝑡,0−𝑥𝑢𝑥𝑡,0−𝑙0𝑥0𝑦𝑓𝑡,𝑧,𝑢𝑡,𝑧,𝑢𝑥𝑡,𝑧𝑑𝑧𝑑𝑦  

≤ 𝑙 𝑢𝑡 𝑡, 𝑥  + 𝑙    𝑢𝑡 𝑡, 𝑧  𝑑𝑧𝑑𝑦 + 𝑙  𝑢 𝑡, 𝑥  +
𝑦

0

𝑥

0

𝑢𝑡,0+𝑥𝑢𝑥𝑡,0+𝑙0𝑥0𝑦𝑓𝑡,𝑧,𝑢𝑡,𝑧,𝑢𝑥𝑡,𝑧𝑑𝑧𝑑𝑦  

≤lB +lB +3lB +lM11 =l(5B+ M11) ≤ B, 

𝑆11 𝑢 𝑥 𝑡, 𝑥 =  −𝑙𝑢𝑥 𝑡, 𝑥 + 𝑙   𝑢 𝑡, 𝑧 − Ф 𝑧  𝑑𝑧 −
𝑥

0

𝑙0𝑡(𝑢𝑥𝜏,𝑥− 𝑢𝑥𝜏,0)𝑑𝜏−𝑙0𝑡0𝑥𝑓(𝜏,𝑧,𝑢𝜏,𝑧,𝑢𝑥𝜏,𝑧))𝑑𝑧𝑑𝜏,     

|𝑆11 𝑢 𝑥 𝑡, 𝑥 | = | − 𝑙𝑢𝑥 𝑡, 𝑥 + 𝑙   𝑢 𝑡, 𝑧 − Ф 𝑧  𝑑𝑧 −
𝑥

0

𝑙0𝑡(𝑢𝑥𝜏,𝑥− 𝑢𝑥𝜏,0)𝑑𝜏−𝑙0𝑡0𝑥𝑓(𝜏,𝑧,𝑢𝜏,𝑧,𝑢𝑥𝜏,𝑧)𝑑𝑧𝑑𝜏|,  

            ≤ 𝑙 𝑢𝑡 𝑡, 𝑥  + 𝑙  ( 𝑢 𝑡, 𝑧  + Ф(𝑧)|𝑑𝑧 +
𝑥

0

𝑙 0𝑡(|𝑢𝑥(𝜏,𝑥)|+𝑢𝑥𝜏,0𝑑𝜏+𝑙0𝑡0𝑥|𝑓(𝜏,𝑧.𝑢𝜏,𝑧, 𝑢𝑥𝜏,𝑧)|𝑑𝑧𝑑𝜏   

≤ 𝑙𝐵 + 𝑙 𝐵 + M11 + 2lB + lM11 = l 4B + 2M11 ≤ B,   

  𝑆11 𝑢 𝑥𝑥  𝑡, 𝑥 =  −𝑙𝑢𝑥𝑥  𝑡, 𝑥 + 𝑙 𝑢 𝑡, 𝑥 − Ф 𝑥  −

 𝑙  (
𝑡

0
𝑢𝑥𝑥  𝜏, 𝑥 𝑑𝜏 −  𝑙  𝑓 𝜏, 𝑥, 𝑢 𝜏, 𝑥 , 𝑢𝑥 𝜏, 𝑥  𝑑𝜏,

𝑡

0
       

  |𝑆11 𝑢 𝑥𝑥  𝑡, 𝑥 | = | − 𝑙𝑢𝑥𝑥  𝑡, 𝑥 + 𝑙 𝑢 𝑡, 𝑥 − Ф 𝑥  +

𝑙  (
𝑡

0
𝑢𝑥𝑥  𝜏, 𝑥 𝑑𝜏 −  𝑙  𝑓 𝜏, 𝑥, 𝑢 𝜏, 𝑥 , 𝑢𝑥 𝜏, 𝑥  𝑑𝜏|,

𝑡

0
  

≤ 𝑙𝐵 + 𝑙 𝐵 + M11 + lB + lM11 = l 3B + 2M11 ≤ B,   
 

We note that {S11(u) : u € K11} is an equicontinuous family in 

E11. Consequently S11 : K11       K11}. Also, S11(K11) ⊂K11 ⊂ 
L11, i.e., S11(K11) resides in a compact subset of L11. 
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b) S11: K11       K11 is a continuous operator. We note that if 

{un}∞n=1 be a sequence of elements of K11 such that un        u 

in K11 as n        ∞, then S11(un)       S11(u) in K11 as n       ∞ 

Therefore S11 : K11        K11 is a continuous operator. 

c) T11 : K11         L11 is an expansive operator and onto. For u,v 

€ K11 we have that 

   ||T11(u) - T11(v)|| = (1+l) ||u-v||, 

i.e., T11  :  K11            L11 is an expansive operator with constant 

1+l. 

Let v €   L11. Then v\1+l € K11 and  

     T11(v\1+l) = v, 

i.e. , T11 : K11         L11 is onto. 

From a), b), c) and from theorm 2.2, it follows that there is 

u11€ K11 such that 

  T11 u11+ S11 u11 = u11 

Or 

 1 + 𝑙 u11 t, x − lu11 t, x + l   (
y

0

x

0
u11 t, z −

Ф(𝑧))𝑑𝑧𝑑𝑦 − 𝑙  𝑢11 𝜏, 𝑥 − 𝑢11 𝜏, 0 − 𝑥𝑢11𝑥 𝜏, 0 )𝑑𝜏 −
𝑡

0

𝑙 0𝑡0𝑥0𝑦𝑓(𝜏,𝑧,𝑢11(𝜏,𝑧),𝑢11𝑥(𝜏,𝑧))𝑑𝑧𝑑𝑦𝑑𝜏=𝑢11(𝑡,𝑥),  

Or 

  (
y

0

x

0
u11 t, z − Ф(𝑧))𝑑𝑧𝑑𝑦 − 𝑙  𝑢11 𝜏, 𝑥 − 𝑢11 𝜏, 0 −

𝑡

0

𝑥𝑢11𝑥𝜏,0)𝑑𝜏−𝑙 
0𝑡0𝑥0𝑦𝑓(𝜏,𝑧,𝑢11(𝜏,𝑧),𝑢11𝑥(𝜏,𝑧))𝑑𝑧𝑑𝑦𝑑𝜏=0,   

Whereupon, using Lemma 2.1, we conclude  that 

 𝑢11€ C1([0,1], C2 ([0,1])) is a solution to the problem (3.1), 

(3.2). 

Step 2. Now we consider the problem 

 ut-uxx  = f(t,x,u(,x),ux(t,x))       in     (0,1]*[1,2],             (3.4) 

               u(0,x) =Ф (x)             in     [1,2]                       (3.5) 

Let E12 =C1 ([0,1], C2 ([1,2])) be endowed with the norm 

 

||u||  = 

max{max𝑡,𝑥€ 0,1 ∗[1,2] 𝑢 𝑡, 𝑥  ,      max𝑡,𝑥€ 0,1 ∗[1,2] 𝑢𝑡 𝑡, 𝑥    

  

            
     max

𝑡,𝑥€ 0,1 ∗[1,2]
 𝑢𝑥 𝑡, 𝑥  ,      max𝑡,𝑥€ 0,1 ∗[1,2] 𝑢𝑥𝑥  𝑡, 𝑥  }  

With  K12 we denote the set of all equicontinuous families in 

E12. Let K’
12 = 𝐾12

     , 

     K12 = {u€ K’
12 ||u|| ≤B} 

Since Ф € C([1,2]), f € C([0,1]*[1,2]*[-B,B]*[-B,B]) we have 

that there exists a constant M12 >0 such that  

   |Ф(x)| ≤ M12         in        [1,2], 

|𝑓 𝑡, 𝑥, 𝑦, 𝑧 | ≤ 𝑀12 
in [0,1] X [1,2] X [-B,B] X [-B, B]. 

Let l1 >0 be chosen so that  

l1 (5B+2M12) ≤ B.                                                           (3.6) 

Let also, 

𝐿12 = {𝑢 ∈ 𝐾′   : ||𝑢|| ≤  1 + 𝑙1 𝐵} 
 

We note that K12 is a closed convex subset of L12. 

For u Є L12 we define the operators 

𝑇12 𝑢 (𝑡, 𝑥)= (1 + 𝑙1)𝑢(𝑡, 𝑥), 

𝑆12 𝑢  𝑡, 𝑥 

= −𝑙1𝑢 𝑡, 𝑥 + 𝑙1    𝑢 𝑡, 𝑧 − ∅ 𝑧  𝑑𝑧𝑑𝑦
𝑦

1

𝑥

1

− 𝑙1   𝑢 𝜏, 𝑥 − 𝑢11 𝜏, 1 −  𝑥 − 1 𝑢11𝑥 𝜏, 1  𝑑𝜏
𝑡

0

− 𝑙1    𝑓 𝜏, 𝑧, 𝑢 𝜏, 𝑧 , 𝑣𝑥 𝜏, 𝑧  𝑑𝑧𝑑𝑦𝑑𝜏
𝑦

1

𝑥

1

𝑡

0

 

As in Step 2one can prove that there is u12 Є C1 

([0,1],C2([1,2])) which is a solution to the problem(3.4), 

(3.5). This solution u12 satisfies the integral equation  

   𝑢12 𝑡, 𝑧 − ∅ 𝑧  𝑑𝑧𝑑𝑦
𝑦

1

𝑥

1
                     (3.7) 

−  (𝑢12 𝜏, 𝑥 − 𝑢11 𝜏, 1 − (𝑥 − 1)𝑢11𝑥

𝑡

0

(𝜏, 1))𝑑𝜏

−    𝑓 𝜏, 𝑧, 𝑢12 𝜏, 𝑧 , 𝑢12𝑥 𝜏, 𝑧  𝑑𝑧𝑑𝑦𝑑𝜏 = 0
𝑦

1

𝑥

1

𝑡

0

 

 

Now we put x=1 in (3.7) and we find 

 (𝑢12 𝜏, 1 − 𝑢11 𝜏, 1 𝑑𝜏 = 0,
𝑡

0

 

Which we differentiate with respect to t and we get 

𝑢12 𝑡, 1 = 𝑢11(𝑡, 1) 
in [0,1].                                                          (3.8) 

Now we differentiate (3.7) with respect to x and we find 

  𝑢12 𝑡, 𝑧 − Ф 𝑧  𝑑𝑧 −  (
𝑡

0

1

𝑥
𝑢12𝑥 𝜏, 𝑥 − 𝑢11𝑥 𝜏, 1 )𝑑𝜏 −

  𝑓 𝜏, 𝑧, 𝑢12 𝜏, 𝑧 , 𝑢12𝑥 𝜏, 𝑧  𝑑𝑧𝑑𝜏 = 0
𝑥

1

𝑡

0
  

In the last equation we put x=1 and we become  

 (
𝑡

0
𝑢12𝑥 𝜏, 𝑥 − 𝑢11𝑥 𝜏, 1 )𝑑𝜏 = 0,  

Which we differentiate with respect to t and we get 

𝑢12𝑥 𝑡, 1 = 𝑢11𝑥(𝑡, 1)                in           [0,1]            (3.9) 

Now we differentiate (3.8) with respect to t and we get 

𝑢12𝑡 𝑡, 1 = 𝑢11𝑡(𝑡, 1)                in           [0,1]. 

Hence , (3.8),(3.9) and 

f(t,1, 𝑢11 𝑡, 1 , 𝑢11𝑥(𝑡, 1)) = 𝑓(𝑡, 1, 𝑢12 𝑡, 1 , 𝑢12𝑥(𝑡, 1)),  
we find 

𝑢12𝑥𝑥  𝑡, 1 = 𝑢12𝑡 𝑡, 1 − 𝑓(𝑡, 1, 𝑢12 𝑡, 1 , 𝑢12𝑥 𝑡, 1 )  

= 𝑢11 𝑡, 1 − 𝑓 𝑡, 1, 𝑢11 𝑡, 1 , 𝑢11𝑥 𝑡, 1  =  𝑢11𝑥𝑥  𝑡, 1                                  

in [0,1]. 

Consequently the function  

 

U(x,t) =  
𝑢11 𝑡, 𝑥          𝑖𝑛           0,1 ∗ [0,1]

𝑢12 𝑡, 𝑥          𝑖𝑛           0,1 ∗  1,2 ,
  

 

C1([0,1], C2 ([0,2])) is a solution to the problem  

    ut – uxx = f(t,x,u(t,x),ux(t,x))     in      (0,1]*[0,2], 

                        u(0,x) = Ф(x)         in      [0,2]. 

Then we consider the problem 

ut – uxx = f(t,x,u(t,x),ux(t,x))     in      (0,1]*[2,3]              (3.10) 

u(0,x) = Ф(x)                            in               [2,3]. 

 

As in above there is u13 € C1([0,1], C2 ([2,3])) which is a 

solution to the problem (3.10) and satisfies the integral 

equation 

 

  (𝑢13 𝑡, 𝑧 −  Ф(𝑧))𝑑𝑧𝑑𝑦 −  (𝑢13 𝜏, 𝑥 −
𝑡

0

𝑦

2

𝑥

2

(𝑢12𝜏,2−𝑥−2𝑢12𝑥(𝜏,2))𝑑𝜏−0𝑡2𝑥2𝑦𝑓𝜏,𝑧,𝑢13𝜏,𝑧,𝑢13𝑥𝜏,𝑧
𝑑𝑧𝑑𝑦𝑑𝜏=0  

The function  

 

𝑢11 𝑡, 𝑥          𝑖𝑛           0,1 ∗ [0,1]

𝑢12 𝑡, 𝑥          𝑖𝑛           0,1 ∗  1,2 

𝑢13 𝑡, 𝑥          𝑖𝑛           0,1 ∗  2,3 

  

C1([0,1], C2 ([0,3])) is a solution to the problem  

    ut – uxx = f(t,x,u(t,x),ux(t,x))     in      (0,1]*[0,3], 

                        u(0,x) = Ф(x)         in      [0,3]. 

An so on. We construct a solution  u13 € C1([0,1], C2R )) 

which is a solution to the problem 

ut – uxx = f(t,x,u(t,x),ux(t,x))     in      (0,1]*R, 

                        u(0,x) = Ф(x)         in      R. 

Then we consider the problem  

    ut – uxx = f(t, x, u(t,x), ux(t,x))     in      (1,2]*[0,1], 

                        u(1,x) =  u1(t,x)        in      [0,1]. 
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As in above, this problem has a solution u21 € C1([1,2], C2 

([0,1])) which satisfies the integral equation  

   𝑢21 𝑡, 𝑧 − 𝑢1 1, 𝑧  𝑑𝑧𝑑𝑦 −
𝑦

0

𝑥

0

1𝑡(𝑢21𝜏,𝑥−𝑢1𝜏,0−𝑥𝑢1𝜏,0)𝑑𝜏−1𝑡0𝑥0𝑦𝑓𝜏,𝑧,𝑢21𝜏,𝑧,𝑢21𝑥𝜏,
𝑧𝑑𝑧𝑑𝑦𝑑𝜏= 0.  

We have that 

   𝑢21 𝑡, 0 =  𝑢1 𝑡, 0 ,          𝑢21𝑡 𝑡, 0 =  𝑢1𝑡 𝑡, 0 ,  
 

   𝑢21𝑥 𝑡, 0 =  𝑢1𝑥 𝑡, 0 ,     𝑢21𝑥𝑥  𝑡, 0 =  𝑢1𝑥𝑥  𝑡, 0  in [1,2] 

Also, we have, x € [0,1], 

   𝑢21 1, 𝑥 =  𝑢1 1, 𝑥 =  𝑢11 1, 𝑥 ,    𝑢21𝑡 1, 𝑥 =
 𝑢1𝑡 1, 𝑥 =  𝑢11𝑡 1, 𝑥 ,     
 

   𝑢21𝑥 1, 𝑥 =  𝑢1𝑥 1, 𝑥 =  𝑢11𝑥 1, 𝑥 ,    𝑢21𝑥𝑥  1, 𝑥 =
 𝑢1𝑥𝑥  1, 𝑥 =  𝑢11𝑥𝑥  1, 𝑥 .      
An so on, we construct a solution u € C1([0,2], C2R)) of the 

problem  

ut – uxx = f(t,x,u(t,x),ux(t,x))     in      (0,2]*R, 

                        u(0,x) = Ф(x)         in      R. 

And so on, we construct a solution u € C1([0,∞), C2(R)) to the 

problem (1.1), (1.2).  

We note that umm satisfies the integral equation 

   𝑢𝑚𝑛  𝑡, 𝑧 − 𝑢𝑚−1 𝑚 − 1, 𝑧  𝑑𝑧𝑑𝑦
𝑦

𝑛−1

𝑥

𝑛−1

−   𝑢𝑚𝑛  𝜏, 𝑥 − 𝑢𝑚−1 𝜏, 𝑛 − 1 
𝑡

𝑚−1

−  𝑥 −  𝑛 − 1  𝑢𝑚−1 𝜏, 𝑛 − 1  𝑑𝜏

−    𝑓(𝜏, 𝑧, 𝑢𝑚𝑛  𝜏, 𝑧 ,
𝑦

𝑛−1

𝑥

𝑛−1

𝑡

𝑚−1

 𝑢𝑚𝑛𝑥  𝜏, 𝑧 )𝑑𝑧𝑑𝑦𝑑𝜏 = 0. 

IV.  PROOF OF THEOREM 1.2 

We have that the solution u(t,x,0,Ф) satisfies the following 

integral equation 

Q (Ф) =    𝑢 𝑡, 𝑧, 0, Ф 𝑧  − Ф 𝑧  𝑑𝑧𝑑𝑦 −
𝑦

0

x

0

0𝑡(𝑢(𝜏,𝑥,0,Ф 𝑥  − 𝑢(𝜏,0,0,Ф 0  −𝑥𝑢𝑥(𝜏,0,0,Ф 0  𝑑𝜏− 

   𝑓 𝜏, 𝑧, 𝑢  𝜏, 𝑧, 0, Ф(𝑧) , 𝑢𝑥 𝜏, 𝑧, 0, Ф(𝑧)  𝑑𝑧 = 0
𝑦

2

𝑥

2

𝑡

0
   

Then 

Q(Ф) – Q (Ф1) = 

   𝑢 𝑡, 𝑧, 0, Ф 𝑧  − 𝑢 𝑡, 𝑧, 0, Ф 𝑧   −  Ф 𝑧 −
𝑦

0

x

0

Ф1𝑧𝑑𝑧𝑑𝑦0𝑡𝑢𝜏,𝑥,0,Ф𝑥−𝑢𝜏,𝑥,0,Ф1𝑥𝑑𝜏+0𝑡𝑢𝜏,0,0,Ф0−𝑢𝜏,0,
0,Ф10𝑑𝜏+𝑥𝑢𝑥𝜏,0,0,Ф0−𝑢𝑥𝜏,0,0,Ф10)𝑑𝜏−0𝑡0𝑥0𝑦𝑓𝜏,𝑧,𝑢𝜏,
𝑧,0,Ф𝑧,𝑢𝑥𝜏,𝑧,0,Ф1𝑧𝑑𝑧−  

𝑓 𝜏, 𝑧, 𝑢 𝜏, 𝑧, 0, Ф1(𝑧) , 𝑢𝑥 𝜏, 𝑧, 0, Ф1(𝑧)  𝑑𝑧𝑑𝑦𝑑𝜏  

      = 

   
𝜕𝑢

𝜕Ф
 𝑡, 𝑧, 0, Ф 𝑧  − 1 𝑑𝑧𝑑𝑦 −  

𝜕𝑢

𝜕Ф
 𝜏, 𝑥, 0, Ф 𝑑𝜏 +

𝑡

0

𝑦

0

𝑥

0

 0𝑡𝜕𝑢𝜕Ф𝜏,0,0,Ф𝑑𝜏+ 0𝑡𝑥𝜕𝑢𝜕Ф𝑥𝜏,0,0,Ф𝑑𝜏− 

   
𝜕𝑓

𝜕𝑢

𝑦

0

𝑥

0

𝑡

0
 𝜏, 𝑧, 𝑢 𝜏, 𝑧, 0, Ф , 𝑢𝑥 𝜏, 𝑧, 0, Ф  

𝜕𝑢

𝜕Ф
 𝜏, 𝑧, 0, Ф  

𝑑𝑧𝑑𝑦𝑑𝜏 −

    
𝜕𝑓

𝜕𝑢𝑥

𝑦

0

𝑥

0

𝑡

0
 𝜏, 𝑧, 𝑢 𝜏, 𝑧, 0, Ф , 𝑢𝑥 𝜏, 𝑧, 0, Ф   

𝜕𝑢

𝜕Ф
 

𝑥
 𝜏, 𝑧, 0, Ф 𝑑𝑧𝑑𝑦𝑑𝜏 +

 𝜕 Ф, Ф1 ,  

Where 𝜕 Ф, Ф1           0 as Ф(x)          Ф1 𝑥 for every x € R. 

Hence, when Ф(x)          Ф1 𝑥  for every x € R, we get 

0 = 

   𝑣 𝑡, 𝑧 − 1 𝑑𝑧𝑑𝑦 −  𝑣 𝜏, 𝑥 𝑑𝜏 +
𝑡

0

𝑦

0

𝑥

0
 𝑣 𝜏, 0 𝑑𝜏 +

𝑡

0

0𝑡𝑥𝑣𝑥𝜏,0𝑑𝜏− 
0𝑡0𝑥0𝑦𝜕𝑓𝜕𝑢𝜏,𝑧,𝑢𝜏,𝑧,0,Ф,𝑢𝑥𝜏,𝑧,0,Ф𝑣𝜏,𝑧𝑑𝑧𝑑𝑦𝑑𝜏− 
0𝑡0𝑥0𝑦𝜕𝑓𝜕𝑢𝜏,𝑧,𝑢𝜏,𝑧,0,Ф,𝑢𝑥𝜏,𝑧,0,Ф𝑣𝑥𝜏,𝑧𝑑𝑧𝑑𝑦𝑑𝜏          (4.1) 

 

Which we differentiate twice in x and once in x and we get 

that v satisfies (1.3). Now we put t=0 in (4.1) and then we 

differentiate twice in x, and we find that u satisfies (1.4). 
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