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A Mathematical Study of Prey-Predator Model
With Cover and Alternative Food

Gaddam Shankarajyothi

Abstract— An analytical study of two specie syn-ecological
model with cover for prey and alternative food for predator is
taken up. The model is governed by coupled first order
non-linear ordinary differential equations. Stability of possible
equilibrium points is studied and results are compared with
numerical illustrations. Lypunov’s function was constructed to
discuss the global stability.

Index Terms— Prey-Predator Model, Lypunov’s function.

I. INTRODUCTION

Olinck,[1] gave an introduction to Mathematical modeling in
life sciences. Kapur, [2], Smith,[3], Colinvaux, [4],
Freedman, [5] discussed some of the prey-predator ecological
models. May, [6] discussed stability and complexity of
ecological models, Varma, [7] discussed about their exact
solutions. Lakshmi Narayan.K, [8,9] discussed different
interacting species models.

Il. BASIC EQUATIONS
Nomenclature:

N,, N, : strength of species,

a,, @, : natural growth rate of the species,

a,, , A, . rates of mortality due to internal
competition,

a,, : prey’s death rate due to attacks of
predator,

a,  :growth rate of predator due to interaction

with the prey,

k  :coverconstant (0<k<1),

here N,and N, are non negative and
also the model parameters a,,a,,Q;; , &, ,
ay K.
governing equations are
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dN
— =a,(1-k)N, - aule -
dt
o, (1—K)N;N,. (2.1)
dN, )
dt =a,(1-k, )N, —a,N," +a,, (1-K)N,N,

2.2)

I1l. STATIONARY POINTS:
The system under consideration have four stationary points :

I. extinct point Nl =O;N2 =0

(1)
Il. The stateNl =0 ;Nz = 3,(1-k,)
227
(3.2)
predator exists, prey extinct.
I11. The state Nl =M ;Nz =0

a,
(3.3)
prey exists, predator extinct.

IV. interior state:

N = a(—k)ay, —a,(1-k,)a, (1K) ;
' 0y Ol + 0 (1 k)?

_ 8 (1-k,)a,; +a,(1-k)a, (1K)
Oy Oy + Ay, 0 (1 k)2

N, (3.4)

1— al-k)a,,

Which possible when k >
a,(1—k,)en,

(3.5)
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IV. STABILITY AT STATIONARY POINTS:
LetN=(N.N) = N+U = (N, +u,,N, +u,)
4.1)

with U = (u,,u, ) as perturbation matrix over
N =(N;.N,).
The basic equations (2.2), (2.4) are quasi-linearized to obtain

the equations for the perturbed state G:j—LtJ = AU where
A | Bl-k) =20 N, — e, (L= KON,

oy (1- k)ﬁz

(4.2)  The secular equation for the system is

det[A—21]=0 (4.3)

Which is stable when the roots are either negative
real or complex with negative real part.
4. 1. Stability at stationary point 1:

The trajectories extinct state are

al(l_ kl)t and

u=u,e
o =y, k)
(4.4)

here U,,, U,, are starting values of U, and U, The solution

curves are given in Figures 1to 5
Case 1: predator’s dominance throughout as shown in Fig.1

Case 2: Initially predator dominates, after some time

situation reverses (ie. & <a, & Uy>Uy, ). At
pp— In{uy, /Uy }

(az 'ai)
(4.5)

both are with equal strength as displayed in (Fig.2).

Case 3: Initially predator dominates, after some time

situation reverses (ie. 8 >a, & Uy<U, ). At

¥
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—ay,(1-k)
a,(1-k,) ‘(Qazzﬁz +ay, (1- k)ﬁl

In{u, /u
t=t*= M both are with equal strength as
(az 'a1)
displayed in ( Fig.3).
Case 4: prey’s dominance throughout as shown in Fig.4.

4. 2. Trajectories of perturbed species of stationary point

I: The trajectories

in the U, -U, plane are
u10 uZO
1

and these are given in Fig.5.
4. 3. Stability of the stationary point I1:

The trajectories for the prey washed out state are

t
U, = U, e/12 and

1 2.t -a,t
uzzy_[uloazaﬂ(l_k)e 2 +{u20;/1—u10a2a21(1—k)e % }
1
4.7)

here y =a,a, + a,[a, —ay, (1-K)]

(4.8)

The solution curves are given in figures 6 & 7

Case 1: prey’s dominance throughout as shown in Fig.6.
Case 2: Initially predator dominates, after some time

situation reverses (i.e. Ujp< Uy), the predator continues to out

number the prey till the time-instant

t = t* = In| Y20%22 (A, +8,)—Uyy8,0, (1K)
Ul e, (4 +8,)—a,0,,(1-K)]

(4.9)
after that the prey out number the predator. This is given in

Fig.7

4y,

a,a,

Case B: If k<1-— stationary point is stable.
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Case B;: Prey’s dominance continues throughout (i.e.

U,,> U, ) but both converge asymptotically to the

stationary point (Nl ,Nz) given by (3.2). Hence the

stationary point is stable. This is given in Fig.8

CaseB,: Initially predator dominates, after some time
situation reverses (i.e. Uy, < U, ), the predator out numbers

the prey till the time instant

1 In| Y20%2 (4, +8,) 8,0, (1K)

)" o () (K]

then situation reverses and prey grows unbounded while the

predator asymptotically approaches to the stationary value
Nz given in (3.2). Hence the state is unstable. This is given
in Fig.9

aa,,

a,a,

Case C: If k=1-

stationary point is “neutrally

stable”.

The trajectoriesare U, =U and U, = U,+

ALY

{uzo — %um} e ! (4.12)

Case C;: If the prey dominates initially (i.e. U, > U,, ) and it

continues through out its growth. In course of time U, —

a0,

u,* = Uy, as is given in Fig.10.
a0,

Case C,: If the predator dominates initially (i.e. U;; < U, ),

the predator continues to out number the prey and till the time

instant

t=t*= im AUy, =AUy
a, (,8,—8,0, ) Uy

(4.12)
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then which the prey out number the predator. This is given in
Fig.11

4.4. Trajectories at stationary point 11:

The trajectories in the U, — U, plane are given by

(ql _1)u2 =Cuy, % _ p.Y;

(4.13)

a0, (1-K) L q =
aa,, —a,0,(1-k) T
(4.10)

; C = constant and
a0, — a0y, (1K)

here pl =

-8,0,,

k=#1- eli)
a0,

(4.14)

The solution curves are given in Fig.12.
4. 5. Stability at stationary point 111:

The trajectories for predator washed state are

-at
['uzo a, o, (1'k)ec t +HUy, Y, Uy oy, (1-K)e % }

and U, =uzoedt (4.15)
a, (1-k
here d =a, +M and y =a,a; +
*y, 2

ay[a; +ay (1-K)] (4.16)

The solution curves are given in Figures 13 & 14

Case 1: If the predator dominates initially (i.e. U;; < Uy, ),
then the predator species to be going away from the
stationary point while the prey-species would become extinct

at the instant (t*) of time given by the positive root of the

equation
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edt +e_a2t _ U7
Uy, (1K)

(4.17)
Then the state is unstable. This is given in Fig.13

Case 2: The prey dominances (i.e. U, > U, .), continues till

ko ! In
C,+a
{uloocll (¢, +a)tuya,a, (1- k)} (4.18)
U [, (¢, +ay)]+aa, (1-K)

then the situation reverses. The prey-species would become
extinct at the instant (t*) of time given by the positive root of
the equation (4.17). Then the state is unstable. This is given
in Fig.14

4.6.Trajectories at stationary point 111:

The trajectories in the U, -U, plane are given by

P _

(p2 _1)u1: Cu, q2u2

(4.19)

here p = "o o
2 ao +aay, (1-Kk) 2

-4,a, (1 - k)
0y, —aa, (1-k)

(4.20)

and c is a constant. The solution curves are given in Fig. 15.
4.7. Stability at the interior stationary state:

The trajectories for co-existence state are

U= {um(ﬂi +0522N2)‘U200512N1(1—k)} eﬂit .\
/11_12

|:u10 (4, +0{22N2 )'uzoalzﬁl (1_k)} eﬂzt
A=A

(4.21)

¥
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u,= {uzo (4 + allﬁl )-u10a21N2 a- k)i| eﬂ.lt +
/11 _/12

{uzo (4, + allﬁl )'u10a21N2 1-k) } e At
/12 - /11

(4.22)
Case 1: If the predator dominates initially (i.e. U,y < U, ),

and predator continues to out number the prey, it is evident
that both the species converging asymptotic to the stationay
point. Then this state is stable. This is given in Fig. 16.

Case 2: If the prey dominates in natural growth rate but its
initial strength is less than that of predator (i.e. U;;> U, ),

the prey out number the predator initially and this continues

till the time t=t*= In

Aot h

(b3_a5)u10+(as+b1)uzo
(b,—a)u,+ (a,+0)u,,

(4.23)

here &, =4 + oy N, 18, =4, + oy Ny
a =4 +a,N,;
=4 +ta,N, b =0,1-KN,;
b, =a, (1-K)N, . (4.24)
then which the predator out number the prey. As t —> o0
both U, & U, approaches to the stationary point. Then the
state is stable. This is given in Fig. 17
— — = —
If (; N, +a,,N, ) >4a,0,,(L1-K)"N, N,
(4.25)
the roots are complex with negative real part. Hence the
stationary point is stable. The solution curves are given in
Fig.18

4.7. Trajectories for normal steady state:
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The trajectories in the U, -U, plane are given by

-av.
(ul 'uzvl)(p3 1)

—-av,
(ul _Vzuz)(p3 1)

[U2(1+a)(vl+vz)]d _

(4.26)

here, p3 = N2a,,; Vv, and V, are roots of quadratic

equation av’+bv+c,=0  (4.27)

a:a21N2 A-k); b:allﬁl _azzﬁz ;
c,=a, N, (1—k) (4.28)

and d is a constant.

V. LIAPUNOV’S FUNCTION FOR GLOBAL STABILITY
The linearized basic equations for co-existence state are:

du — —
q L= —oy; NyU —a, (1-K)N,u,
t
du — —
(5.1) d—tz=—0(21(1—k)N2u1—0522N2u2

(5.2)

The secular equation is:

(A+ a11N1)(/1 T, N2 )+ a0, (1~ k)z N1 N2 =0

= A*+pA+q=0 (5.3)

here p = 0511N1 + Nz >0 (5.4)

0 ={auam, + o, 1-K)’IN, N, >0
(5.6)

Therefore the conditions for Liapunovs function are satisfied.
: 1 2
Now define E(u,,u,) = E(au2 + 2bu,u, +cu,”)

(5.7)

¥
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here

(o (1- k)Nz )2 +(ay, Nz)2 Hao, + oo (L- k)z}N1 N2
D

(5.8)

_ anazl(l_ k)ﬁl N2 - Qp Oy (1_ k)Nl N2
D

b

(5.9)

c= (allﬁl)z + (alz (1- k)Nl)z +{05110522 + 05120521(1_ k)z}N1 N2 and
D

(5.10)

D=pq :{0@1N1 +a, N, Hanop, + 0@2%1(1_k)2}N1 N2
(5.11)

From equations (6.6)&(6.7) it is clear that D >0

and a > 0. Also

D*(ac-b?) =

DZ{(aZl - k)Nz )2 + (azz Nz)z +{0511%2 + oy 0521(1_ k)Z}Nl N2
D

X

(a11N1)2 +(ap (L= k)Nl)z Hayay, + oo, (1- k)z}N1 NQ

D

—97—3 —7—1 —7—1
“112a212(1_k)2 N, N, +a122a222(1—k)2 N, N, —2(111(11205210(22(1—1()2 N, N, }>0

DZ
(5.12)
= D?(ac—-b*)>0 (5.13)
Since D?*>0 = ac—b*>0 (5.14)

.. The function E(X, y) is positive definite.

Then
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OE du  OE du,
ou, dt ou, dt

(au, + buz)[_anﬁl U —a, (- k)Nluz] +
(bu, +cu, )[ary, (1-K)N U, —a, N 2u2]

(b, 1-K)N, -acz, N, u? — (bey,, (1= K)N, +ca,, N, Ju,? —

{[bay, +aa, (L~ K)IN, +[ba, - caty, (L~ KN, Juu,
(5.15)

On substituting the values of a, b and ¢ from equations (5.8),

(5.9) & (5.10) and after much algebraic simplification, we get

E%+ ﬁdi — _(ulz + u22) ,
ou, dt Ou, dt
(5.16)

which is clearly negative definite. So E(X, y) is a Lyapunov
function for the linear system.
Next we prove that E (U1, U2) is also a Lyapunov function
for the non linear system.
If, F1 and F2 are defined by
F.(N.N,)=N{a —ay; N, — e, (1-K)N, }
(5.17)
F, (N N,)=N{a, — e, N, —a, (1-K)N }

(5.18)

oE oE _ . _ -
We have to show that — F, + — F, is negative definite.
ou, ou,

On putting N, =N1 +Uu,and N, = Nz +U, in (5.17)
& (5.18) equations, we notice after much simplification, that

du
Fu.u,) = d_tl =

_%1N1u1 —0y (1_k)N1u2 + f,(U.u,)

(5.19)

¥
N{‘.xl}k‘ll

Re:

du
and F,(u u,)=—2==

dt
_a22N2u2 _a21(1_ k)N2u1 + fz (ul’uz)
(5.20)
here  f (U U,) = —ayU” —a, (1—K)uu,

and f,(u,.u,) = —a22u22 +a,, (1-k)u,u,

(5.21)

oE OE
We have — = au, +bu, and — =bu, +cu,
ou, ou,

(5.22)

Now a—EF1+8—E

—(u? +u,?
aul auz ( 1 2 )

F, =

+(au, +bu,) f, (u, u,) +(bu, +cu,) f, (u,,u,) (5.23)
By introducing polar co-ordinates we get

B GE L
ou, ou,

-1’ +r{(acosd +bsin @) f (u,.u,) + (bcosd +csind) f, (u, u, )]
(5.24)

Denote largest of the numbers |a|,|b|,|c| by M

Our assumptions | f,(u, u2)| < L and
6M

r
f, (U Uy)| < — 5.25
[fa (U )] < o (5.25)
for all sufficiently small r >0, so §F1 %—ﬁF2
ou, ou,
2 2
e E (5.26)
6M 3

Thus E (U1, U2) is a positive definite function with the

property that S—E F + ﬁ F, is
u

1 2

negative definite.
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.". The stationary point is asymptotically “stable”.
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